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Abstract-A mathematical model was developed to predict heat transfer from the freeboard gas to the bed 
of a rotary kiln. The thermal mode1 incorporates a two-dimensional representation of the bed’s transverse 
plane into a conventional one-dimensional, plug flow mode1 for rotary kilns. The result, a quasi-three- 
dimensional rotary kiln model, significantly improves the ability to simulate conditions within the bed 
without the necessity of rigorously accounting for the complex flow and combustion phenomena of the 
freeboard. The combined mode1 is capable of predicting the temperature distribution within the bed and 

the refractory wall at any axial position of the kiln. Copyright 0 1996 Elsevier Science Ltd. 

INTRODUCTION 

Rotary kilns are employed by industry to carry out 
a wide variety of material processing; for example 
calcining of limestone, reduction of oxide ore, clin- 
kering of cementitious materials, reclamation of 
hydrated lime, calcining of petroleum coke, etc. This 
widespread usage can be attributed to factors such as 
the ability to handle varied feedstock, for example 
slurries or granular materials having large variations 
in particle size, or the ability to maintain distinct 
environments, for example reducing conditions within 
the bed coexisting with an oxidizing freeboard (Fig. 
1). Operators of rotary kilns are not, however, without 
their problems, for example dust generation, low ther- 
mal efficiency and low product quality are some of the 
typical problems that plague rotary kiln operations. 
Although the generally long residence time of the 
material within the kiln, typically one hour or greater, 
aids in achieving an acceptably uniform product, there 
is considerable scope for improving this aspect of kiln 
performance. An initial step toward doing so is to 
achieve a more quantitative understanding of trans- 
port phenomena within the bed material as it passes 
along the kiln. 

In most rotary kiln operations the objective is to 
drive specific bed reactions which, for either kinetic 
or thermodynamic reasons, often requires high bed 
temperatures that, for example in cement kilns, may 
approach as high as 1200°C. The energy to raise the 
bed temperature to the required level for reaction and 
in some instances, for example the endothermic cal- 
cination of limestone, to drive the reactions them- 
selves, is extracted from combustion of hydrocarbon 

t Present address: Solite Corporation, P.O. Box 2721 I, 
Richmond, VA 23261, U.S.A. 

fuels in the freeboard. Heat transfer from the free- 
board to the bed is rather complex and occurs by all 
the paths and processes shown in Fig. 1. Perhaps the 
analytical tools for handling the phenomena occurring 
within the freeboard space have been readily available, 
for example the zone method [l] for determining radi- 
ative heat transfer or commercial software for cal- 
culating fluid flow (and occasionally combustion pro- 
cesses as well), our ability to simulate the freeboard 
transport phenomena exceeds our ability to accurately 
determine conditions within the bed. Although 
numerous rotary kiln models have been proposed [2- 
6], virtually all of these assume that, at each axial 
position along the kiln, the bed is well mixed in the 
transverse plane; i.e. the bed material is isothermal 
over any transverse section of the kiln. However, 
many kiln operations experience considerable diffi- 
culty in achieving a uniform product, one example 
being lime kilns which experience chronic problems in 
preventing dead-burning of larger particles while fully 
calcining the finer particles. Evidence such as this, as 
well as operator experience, suggests that a substantial 
transverse temperature nonuniformity is generated 
within the bed. Thus the well-mixed assumption, 
although expedient to the modelling of the rotary kiln, 
is clearly deficient because it ignores the motion of the 
bed in the transverse plane or, more precisely, because 
it ignores the effect of this motion on the redistribution 
within the bed material of energy absorbed at the bed- 
freeboard interfacial surfaces. 

Heat transfer within the bed material occurs by the 
same mechanisms as in any packed bed; i.e. particle- 
to-particle conduction and radiation, as well as inter- 
stitial gas-to-particle convection. However, the move- 
ment of the granular material superimposes an advec- 
tive component for energy transport which has the 
potential to dominate overall heat transfer. The trans- 
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NOMENCLATURE 

A interfacial area [m 2] or effective heat fl 
transfer area per unit kiln length [m] ;' 

Ao frequency factor [s ~] 
cp specific heat capacity at constant 6 

pressure [J kg -~ K i] 
CT jetsam concentration of binary 

mixture 5 
dp particle diameter [m] 
D~ diffusion coefficient [m: s ~] p 
e emissivity t~p 
e,, void fraction ~r 
ep coefficient of restitution of particles 
9 acceleration due to gravity [m s ~'] v 
g,, radial distribution function 05 
tl heat transfer coefficient [W m 2 K '] ~,~ 
AHr enthalpy of reaction [J mol -'] 
k thermal conductivity [W m ~ K '] 
k' enhanced bed thermal conductivity 

tWin i K  1] ax 
& mass flow rate [kg s ~] AL 
mfx max f lux[kgm 2s ~] b 
P stress tensor cb 
Q net heat transfer [W m '] cw 
qeT flux of pseudo-thermal energy eb 
r radial distance [m] ew 
R cylinder radius tin] ef 
T thermodynamic temperature [K] g, fb 
7 ~ granular temperature [m 2 s 2] p 
u velocity parallel to bed surface [ms t] pf 
z axial distance [m]. PT 

W 

r 

s 

shell 

Greek symbols 
distance from bed's surface to zero 
velocity line of active layer 

kiln slope [mm '] 
kinetic energy dissipation due to 
inelastic collisons 
distance from bed's free surface to 
yield line of active layer 
species production rate [mol m ~ s ~] 
inclined angle subtended by material 
(dynamic angle of repose) 
bulk density [kg m ~] 
particle density [kg m 3] 
Stefan-Boltzmann constant 
[5.67x10 S W m  2K 4] 
solids concentration (solids fraction) 
static angle of repose of material [rad] 
angular velocity [s--~]. 

Subscripts 
axial 
active layer 
bed 
covered bed 
covered wall 
exposed bed 
exposed wall 
effective 
freeboard gas 
particle 
plug flow 
pseudo-thermal 
wall 
radiation 
surface; solids 
outer wall (shell). 

verse bed motions in rotary kilns, e.g. cataracting, 
cascading, rolling, slumping, etc. [7, 8] depend on the 
rotation rate, degree of fill and theology of the 
particles. Although industrial kilns may be operated 
in the slumping mode, it is usually more desirable to 
achieve the rolling mode in order to take advantage of 
improved mixing of particles along with faster surface 
renewal at the exposed bed surface. For the rolling 
mode the bed material is characterized by the two 
distinct regions shown in Fig. 2; the thinner active 
layer which is formed as the granular material flows 
down the sloping upper bed surface and the much 
thicker 'plug flow' region where the material is carried 
upward by the rotating wall of the kiln. Thus energy 
imparted by the kiln's rotation is continuously fed 
into the plug flow region as potential energy which 
is subsequently released and dissipated in the active 
layer. 

The active layer itself is characterized by vigorous 

mixing and hence a high rate of surface renewal which 
promotes heat transfer from the freeboard. The vig- 
orous particle motion may also promote de-mixing, 
termed segregation, in which smaller particles tend to 
sieve downward through the matrix of larger particles. 
During segregation the bed motion tends to con- 
centrate finer material within the core, and material 
within the core, because it has very little chance to 
reaching the exposed bed surface for direct heat trans- 
fer from the freeboard, tends to a lower temperature 
than the surrounding material. Thus, segregation 
tends to counteract advective transport of energy and 
promotes temperature gradients within the bed. The 
net effect is not necessarily negative, for example in 
limestone calcination smaller particles react faster 
than larger ones (at the same temperature) and there- 
fore the segregation of fines to the cooler core may 
be essential to obtaining uniform calcination of all 
particles. This suggests that particle size distribution 



A thermal model for the rotary kiln 2133 

0 
O 

i 
0 ©  

O o  
a) 

b) 

i) 

Fig. 1. Schematic of a rotary kiln: (a) axial and (b) cross-section. 

in the feed material might be optimized, which again 
points out the need for developing our predictive capa- 
bilities for the bed material. 

The objective of the present work was to develop a 
thermal model for a transverse section of bed material 
and incorporate this two-dimensional (2D) rep- 
resentation of the bed into a conventional 1D, plug 
flow type model for rotary kilns. The resultant quasi- 
3D rotary kiln model would significantly improve our 
ability to simulate conditions within the bed without 
the necessity of rigorously accounting for the very 
complex flow and combustion phenomena of the free- 
board. Although the current work focuses on the ther- 
mal model for the bed, aspects of the one-dimensional 
model [6], which is used to generate axial profiles for 
the mean gas and bed temperatures, and the granular 
flow model for the bed [9], which is used to determine 
particle velocity profiles within the bed material, are 
briefly discussed. 

In developing the bed model, the particulate bed 
material is assumed to behave as a continuum pos- 
sessing an effective thermal conductivity which is then 
related to particle size, void fraction and bed tem- 
perature using existing particulate bed models. 
Because particle mixing in the transverse plane of the 

kiln is at least two orders of magnitude greater than 
in the axial direction [6], the latter effect is neglected 
for the bed model. The combined axial and bed model, 
which is capable of predicting the temperature dis- 
tribution within the bed and the refractory wall at any 
axial position of the kiln, is used to examine the role 
of the various mechanisms for heat transfer over a 
cross-section of a kiln, for example the regenerative 
action of the wall and the effect of the active layer 
(continuously renewing free surface) of bed on redis- 
tribution of energy within the bed. The results from 
the mathematical model are compared with exper- 
imental data obtained from a well instrumented 
0.41 m i.d. by 5.5 m long pilot kiln. 

DESCRIPTION OF THE THERMAL MODEL 

The quasi-3D model developed comprises both an 
axial model (1D) and a cross-sectional model (2D). 
The former is used to independently determine the 1D 
axial temperature profiles for the freeboard gas and 
the bulk bed. Here it is implicitly assumed that the 
details of the energy redistribution that occurs within 
the bed do not significantly influence heat transfer 
between the bed and the freeboard. As part of the 
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Fig. 2. Granular flow in the transverse plane: (a) a rolling bed motion depicting two distinct regions; (b) 
calculation domain for a rolling bed. 

procedure for calculating these axial temperature pro- 
files, the surface heat flux to the bed is determined and 
this becomes the thermal boundary condition 
employed to drive the cross-sectional model. In doing 
so, the bed temperature gradient computed from the 
axial model is used as a sink term representing rate of 
energy removal due to the material flow in the axial 
direction. This l D bed temperature is also employed 
as a check on the mass-averaged temperature which 
is estimated from the 2D bed model. The 2D model 
is consequently employed to determine the thermal 
conditions of the bed material and the refractory wall 
over successive transverse sections (or slices) of the 
kiln. 

The one-dimensional thermal model applied to the bed 
and freeboard 

Various models for the rotary kiln (see, e.g. 
[3, 6, 10]) have the capability of predicting ~average" 

conditions within both the bed and the freeboard as 
functions of axial position. The thermal component 
of these 1D models can be derived by considering the 
transverse slice which divides the section into separate 
control volumes of freeboard gas and bed material. 
Under steady-state conditions, and in the absence of 
any chemical reactions or phase transformations, 
energy conservation for any control volume requires 
that 

Zth~Cpg ddT~z = Qg .... + Qg ~ eb (1) 

dTb 

One additional condition which must be met is that 
no net energy accumulation can occur within the wall 
which yields an auxiliary condition 
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Q g-.ew+Qe~+ew+Qc~,+cw = Qsix,,. (3) model provides an opportunity to examine the effects, 

The system of equations [equations (l)-(3)] can be 
on kiln performance, of ‘de-mixing’ within the bed. 

solved for successive axial positions by any of a variety 
Such conditions are driven by the bed motion which 

of techniques (e.g. Rung*Kutta) provided that the 
is, in turn, established by kiln rotation. However, 

various heat transfer terms are characterized in terms 
because no adequate model for this motion has pre- 

of the local gas, bed and wall temperatures. Thus, by 
viously appeared, attempts to predict conditions 

starting at either end of the kiln, a complete solution 
within the bed in 2D or 3D have been rare. 

of the thermal problem can be developed. It is chiefly 
It was mentioned earlier that the rolling bed mode, 

the methodology employed in evaluating the heat 
which is preferred in most kiln operations, comprises 

transfer terms which distinguishes the various 1D 
two distinct regions (Fig. 2). Because of improved 

models. 
mixing during rolling, it is considered as the mode of 

Heat transfer at the interfacial surfaces is complex 
operation for the thermal model. In this mode heat 

and involves radiation, convection and, at the covered 
transfer within the active layer occurs by conduction 

bed-covered wall interface, conduction as well. 
(diffusion) and advection (convection). Since flow 

Although a heat transfer coefficient can be allocated 
within the active layer is primarily parallel to the top 

to each transport path shown in Fig. 1, this should 
surface, Cartesian coordinate system was attached to 

not obscure the difficulty associated with realistic 
this region for the heat transfer calculations. In order 

determination of values for these coefficients. As men- 
to simplify the analysis, the bed was assumed to con- 

tioned earlier, in the present work the 1D model is 
sist of a single inert component and to behave as a 

required only to produce a framework from which 
continuum. Energy conservation for a control volume 

to operate the 2D thermal model for the bed, and 
in the active layer requires that 

therefore, existing models were used to evaluate heat 
transfer at the interfaces. In the freeboard, the model 
developed by Barr et al. [6] was utilized to establish 
coefficients for radiative heat transfer, i.e. h,,, _ e\y, h ‘,g _ 8T 
etx h r,eb - ew, h I$W + ew’ Convection to the exposed wall -PC& ay + %c,, 5 = 0. dz (6) 

and exposed bed may be estimated as per Gorog et 
al. [ll]. At the covered wall-covered bed interface 
Schlunder’s model [ 121 was employed which, although 

It is further assumed that mixing is sufficient to ensure 

perhaps inappropriately complex for the purpose of 
that, within the active layer, the temperature gradient 

the present work, takes into account such factors as 
in the axial direction of the kiln (i.e. dT,,/dz in this 

single particle heat transfer coefficient, wall-to-bed 
expression) is uniform. Since, for every kiln rotation 

radiation, solid-to-solid heat conduction, and the con- 
the bed material makes three to four excursions in the 

tinuum heat conduction through the gas gap between 
transverse plane, mixing in this plane is considered far 

the bed and the wall surface. 
greater than that in the axial direction. Hence the 

Since there should be no intent to restrict the work 
last term in equation (6), which includes the axial 

to non-reactive conditions in the bed and freeboard, 
gradients of temperature in the active layer, accounts 

equations (1) and (2) may be expanded to include 
for the removal of energy from the control volume by 

reactive terms to yield the system; 
axial bed flow. It is also assumed that all particles 
within the active layer advance axially at the same rate 

cFil,,c,,, +j = 
and that, because the plug flow region behaves as a 

LJ,,(T, - Tw) rigid body, this axial advance occurs only within the 
active layer. Thus the mass flux in equation (6) is set 

+ heJeb(Tg - Ts) + =,A,AH~, (4) by the kiln feed rate and the transverse area of the 

dT, 
active layer. In order to solve the equation (6), the 

=%,Cpb, >_- 7 = heJeb(Tb - T,) convective terms as well as the mixing effects on kcf 
must be determined by an adequate granular flow 

+%J,,U’, - Tw) f=~WHrb (5) model. 
In contrast to the active layer, the plug flow region 

where i is the production rate for various species is relatively deep and, since it rotates as a rigid body 
involved in either chemical reactions, for example free- about the kiln axis, a cylindrical coordinate system 
board combustion, or phase changes each to be deter- was applied to this region as well as the refractory wall 
mined by the appropriate kinetic expressions. itself. Energy conservation for any control volume in 

the plug flow region and the wall (refractory lining) 
The two-dimensional thermal model applied to the bed requires that 

Although useful results have been obtained from 
1D models, the assumption that conditions will be 
uniform across any transverse section of the bed 
material will hold only for a well-mixed bed. Since 
segregation is known to occur within the bed, a 2D 
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8 / S T \  1 ~ / S T \  ?T 
r ~r lk"r~:.r ) +  r2 ~?0 r~--O = - -  ~kw eO) - Pw erw(,,," 0 

(8) 

where the first two terms constitute the radial and 
transverse conduction respectively, and the third term 
represents the movement of energy through the con- 
trol volume due to the rotation of the kiln. As noted, 
equation (7) does not include any term for energy 
transport in the axial direction, it being implicitly 
assumed that axial conduction in the plug flow region 
will be negligible and bed particles are assumed to 
advance axially only in the active layer. The effective 
thermal conductivity without enhanced mixing was 
calculated by combining graphical correlations of 
Diessler and Eian shown in [13] with an inter-particle 
radiation model by Schotte [14]. The latter is given as 

] e o 
U -  1 l +e°~edpT~ (9) 

+ 
k, 4rredp T ~ 

The flow model applied to the bed 
It was mentioned earlier that inadequate granular 

flow model has been the major setback in expanding 
1D models into 2D or 3D. However, the flow behavior 
in the active (shear) layer of a rotary drum processing 
granular materials is not significantly different from 
chute or avalanche flows for which constitutive equa- 
tions are now available. Experiments conducted in a 
1 m rotary drum [9] have shown that at relatively high 
shear rates constitutive equations of Lun et al. [15] 
combined with that developed by Johnson and Jack- 
son [16] can adequately describe the flow behavior in 
rotary kilns. In such situations the flow is governed 
by a field property called granular temperature defined 
as the kinetic energy per unit mass contained in a 
random motion of particles [17]. The governing equa- 
tions for such flows are [15]: 

~p 
=-- +V "(pu) = 0 (10) 

Du 
PDt = p g - V ' P  (11) 

3 D7 ~ 
2 p ~ t  - = - V . q , T - P : V u - ; , .  (12) 

The stress tensor comprises static and kinetic (stream- 
ing plus collisional); the magnitude of each con- 
tribution being dependent on rotation rate. Because 
the flow in the passive (plug flow) region is known 
(u = ~or), solution to the governing equations is 
sought only for the active layer. However, the dimen- 
sions of this layer are not known a priori, so any 
solution for the particle velocity should include active 
layer depth. Experiments indicate that the active layer 
is thin (typically 4% of chord length) therefore a sim- 
plified, yet adequate, solution similar to boundary 

layer flows was sought for the governing equations. 
This was done by developing integral momentum 
equations and incorporating into them the stress ten- 
sor relations established by [15] and [16]. At high 
shear rates with sufficient dilation, the momentum 
equation for bulk solids flow in the active layer may 
be reduced to [9] 

d i '~ dv p (u -u~u )dy  = pgsin¢ +,q2(v)ppdp'P 2 du 
o0 dv 

(13) 

where the term g2(v) relates 'bulk viscosity' to field 
properties such as the solids fraction (concentration), 
coefficient of restitution of the particles, particle size, 
etc. [16]. By applying boundary constraints to the 
active layer such that u = 0(a y =  -c~; u~ta y =  0; 
u = u,, (a y = - 6 and relating ~/6 to a constant which 
depends on the material packing, a parabolic profile 
could be fitted to simultaneously solve for the active 
layer depth, 6(x), and u(y). A similar integral equation 
could not be developed for the granular temperature 
because of uncertain boundary conditions. However. 
a representative value for 7 ~ which is isotropic in y 
could be found as a function of x by an iteration 
procedure when solving equation (13). The solution 
procedure which is detailed elsewhere [9] allows pre- 
dictions of the velocity distribution in the transverse 
plane as well as the granular temperature as a function 
of rotation rate. Having established the granular tem- 
perature the self-diffusion coefficient may then be esti- 
mated as [18]. 

dPN/' (/~ 7~) (14) 
D, - 8(ep+ l)vgo(v) " 

Figure 3 depicts typical results for the velocity profile 
at the mid-chord of a 0.41 m i.d drum as function of 
drum speed (a) and the diffusion coefficient (b). The 
velocity profiles can be readily used in the convective 
terms in equation (6). Because of the mixing in the 
active layer, the effective heat conductance there is 
greatly enhanced by the granular temperature. The 
effective thermal conductivity there is therefore modi- 
fied by a factor relating mass diffusion to heat 
diffusion, i.e. 

k~.f = k~ + pcpDy (15) 

where Dy is the mass diffusion coefficient computed 
from equation (14). 

The combined axial and cross-sectional model; the 
quasi-three-dimensional model for the bed 

it was mentioned in the opening discussion that the 
objective of the current work was to examine the role 
of the bed motion in the transverse plane in deter- 
mining distribution of energy within the bed. In order 
to apply this understanding over the entire length of 
the kiln, the 2D model developed for the bed was 
combined with the ID axial model described earlier 



A thermal model for the rotary kiln 2137 

0 
,G 
ca 
"c 

O I. 

.9 

0 .5  

0 .0  

- 0 . 5  

- 1 . 0  

- 1 . 5  

- 2 . 0  

- 2 . 5  

- 3 . 0  

- 3 . 5  
- 2 O  - 1 0  

I 
. . . . . . . .  1 . . . . .  

7 , -77 ; ,  = -  
- 

, / /  / / . . "  
I I oO° ,/I,,Z.." 
' , I f //." 

t ~ "  I --1.5~m 
I g : "  I - - 2.o ~ m  

I i , I , I , I J 

0 I 0 20  ,30 40  

Velocity, cm/s 

7O 

h] ' A '  ' - - . - ~ x l  
60 - --DxlO 

~ ---DxlO0 
7 50 --Dx1000 

4o ! 

" ~  1 0 ' "  "" d '  " "" ~. 4.0 
~ ' - - ~ -  3.0 

0 ~ -- - 2.0 

- 1 0  ~ I , I , I , I , 
- 5  0 5 10 15 2 0  

Distance From Apex, em 

Fig. 3. Typical results for a granular flow model of a pilot 
(0.41 m diameter) kiln rotating at 2 rpm and 12% fill: (a) 
velocity profiles at mid-chord; (b) kinetic diffusion in active 

layer as function of surface position. 

to derive a quasi-3D model for the bed material. 
Although a rigorous 3D formulation of the problem 
may be accomplished, the extreme aspect ratio of most 
kilns; i.e. length to diameter ratios, typically 12:1 or 
greater, makes such solution somewhat impractical 
unless the aspect ratios of the nodal structure are 
distorted to such an extent that much of the rigor in 
the axial direction is lost. Therefore the quasi-3D 
model provides one avenue for predicting conditions 
within the bed while maintaining relatively modest 
demands on computing capability. 

In the development of the model, asynchronous 
solution of the ID and 2D problems was considered. 
In this approach a 1D solution over the entire kiln 
length was developed before returning to the charge 
end to expand the axial bed temperature profile into 
the transverse plane. Implicit in doing so is the 
assumption that, at any axial position, heat transfer 
in the transverse plane (within the bed) will not sig- 
nificantly alter the freeboard, bed and wall. In the case 

of a 0.41 m i.d. pilot kiln, which will soon be shown, 
this seems justified. 

N U M E R I C A L  S O L U T I O N  

The axial temperature profiles can be developed 
beginning from either end of the kiln by means of 
equations (1) and (2) or (4) and (5). However, because 
most kilns operate as counter-current type heat 
exchanger, a shooting method [3] must be employed 
since, when starting at the charge end, the material 
temperature is known but the gas temperature is 
unknown. The calculations in the current work were 
made for an inert bed medium and the freeboard gas 
was assumed to consist of carbon dioxide and water 
vapor as the only combustion products. The thermal 
properties of the gas, as well as the calculation of the 
gray gas emissivities and absorptivities required for 
computing the radiative boundary conditions [6] were 
based on these two gas constituents. As mentioned 
earlier on, the exit gas temperature and composition 
are needed to initiate solution (for example, the 
Runge-Kutta solution procedure) and again, a shoot- 
ing method may be employed. However, exit gas par- 
ameters are easily measurable and input data from 
experiments help avoid the shooting method (which 
can destabilize the calculation as a result of the large 
number of unknown variables involved). 

The numerical technique employed to solve the gov- 
erning bed-wall equations for the cross-section was 
the control volume-type finite difference described for 
convective~liffusion equations [19]. The velocity field 
required for the convective (advective) terms in equa- 
tion (6) and for the particle size distribution, within a 
segregated bed, which is required for the evaluation 
of bed effective thermal conductivity, were provided, 
respectively, by the granular flow model and an 
accompanying segregation model [9]. The latter model 
computes the extent and dimensions of the segregated 
core development in the cross-section as a result of 
the flow field and diffusion coefficients such as that 
shown in Fig. 3. 

The grid employed for the 2D calculation domain 
is shown in Fig. 4. Rectangular grids were used for 
most of the nodes in the 2D domain except at the 
interface between the plug flow and the active layer 
where triangular nodes automatically emerge as a 
result of the merging of the two coordinate systems. 
Such nodes were considered as half of the rectangular 
nodes in the calculation of the nodal areas for heat 
transfer. The dimension of the active layer shown here 
is obtained from the flow calculations. Higher density 
mesh was employed in the active layer of the bed 
and in the active region of the refractory wall where 
temperature cycling is expected to occur because of 
kiln rotation. Although the specific depth of this wall 
active region is not known a priori, temperature 
measurements by Barr et al. [20] suggest that this 
region does not exceed about 10% of the refractory 
thickness. Although 10% is used in establishing the 
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Fig. 4. Grid development for the cross-sectional (2D) thermal 
model. 

mesh, the actual depth automatically results after the 
numerical calculation is executed. Sensitivity analysis 
on the mesh for the pilot kiln, 0.41 m i.d., indicated 
that 15 exposed bed surface nodes were sufficient to 
produce consistent results. Hence 21 surface nodes 
were used in all the thermal calculations. Outside the 
active wall region, the steady-state 1D conduction was 
applied: 

7, , -  L,,~a,~ 
Oss = =k , ,  i n  [i,:+ A-r].",L] " ( 16 )  

This arrangement of  using equation (16) for the 
remaining 90% of the refractory wall speeds up the 
numerical calculation which is, otherwise, slow 
because of  the slow thermal response of  the refractory 
lining. The Gauss Siedal iteration method was 
employed to solve the system of  algebraic equations 
emerging after discretization with a convergence cri- 
terion set as 

IT3',-T', '/ ' I ...... ~< i o  ". ( 17 )  

The solution requires an under-relaxation technique 
[19] because of the numerous non-linear temperature 
dependent terms. 

EXPERIMENTAL 

Temperature data for model verification were 
obtained from Barr et al. [20] for a 0.41 m i.d. by 5.5 

m long pilot rotary kiln located at the University of  
British Columbia. The facility, which has been 
described in [20], is instrumented with 66 ther- 
mocouples for determining temperatures throughout 
the freeboard gas, bed material and refractory wall. 
The experimental program consisted of  two parts, the 
first being a conventional series of  trials whereby axial 
temperature profiles were obtained for the freeboard 
gas and bed material under prescribed steady-state 
conditions, as described in [20]. Energy losses through 
the refractory wall as well as the regenerative action 
of  the inside refractory surface were determined from 
these trials. In these experiments (trial 1 and trial 2) 
the bed temperatures were measured with ther- 
mocouples that rotate with the kiln wall and so sweep 
through the bed and the freeboard gas during each 
kiln revolution. The second set of  experiments (trials 
3 5) described in [9] employs stationary ther- 
mocouples which are imbedded permanently in the 
bed. The material data and the experimental run con- 
ditions used in validating the mathematical models 
are shown, respectively, in Tables 1 and 2. 

VALIDATION OF THE THERMAL MODEL 

As mentioned earlier, the current work followed the 
asynchronous solution of the I D and 2D problems. 
Model validation was. therefore, carried out by first 
comparing the 1D model with axial profiles for the 
fi'eeboard gas, mean bed temperature and mean walt 
temperature from the pilot kiln trials. Having vali- 
dated the 1D model, the heat fluxes determined for the 
interlaces which will be used in the two-dimensional 
calculations as boundary conditions, are discussed. In 
order to check the 2D calculations, I D profiles were 
deduced from the cross-sectional temperature dis- 
tribution for the bed and the wall which were, in turn, 
compared with either the already validated 1D profiles 
or the original pilot kiln data. Other validation work 
includes active wall thermal gradients, steady-state 
wall temperature gradients, and bed-wall  temperature 
gradients established when the kiln is stopped. This 
last condition also checks the validity of  the con- 
tinuum assumption for the bed material. 

Validation q /  tile one-dimensional model 
The 1 D model was tested against two inert bed trials 

(trial 1 and trial 2 of  [20]). Input variables for the 

Table 1. Relevant physical properties 

Property Sand (fine) 

k[Wm I K i] 0.268 
Pbutk[kg m ~] 1520 
pp[kg m 3] 2627 
C o (a 700 K [kJ kg t K ~] 1.085 
C o~a 1000K 1.160 
Cpt~* 1300 K 1.195 
Particle size [mm] 0.297 I).841 

Sand (coarse) Limestone Refractory 

0.268 0.692 0.400 
1460 1680 1334 
2627 2483 
1.085 1.137 1.0 1.2 
1.160 1.298 1.1 1.3 
1.195 1.452 1.2-1.4 

1.14 3.36 1.0 3.36 N/A 
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Table 2. Run conditions for pilot kiln trials used in model validation 
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Gas flow Prim/sec. air Feed rate Fill Kiln speed 
Trial [kg s ~] [1 s -t] [kg s '] [%] [rpm] Comments 

1" 1.97 17.4/43.0 CS/62.0 12 1.5 HT/HF 
2* 2.53 18.8/43.0 FS/64.0 12 1.5 HT/HF 
3 1.97 17.4/43.0 LS/90.0 27 1.0 LT/LF 
4 1.97 17.4/43.0 LS/190.0 27 2.0 LT/LF 
5 1.41 - -  LS/190.0 27 0 LT/LF 

CS = Coarse sand; FS = fine sand; LS = limestone; LT = low temperature; 
HT = high temperature; LF = low flow; *Barr et aL [20]. 

model were the inlet bed temperature which was set 
at 50°C and the exit gas temperature (gas temperature 
at feed end) which was obtained from the exper- 
imental data. By using a known exit gas temperature 
to initiate the computation, the shooting method 
described earlier for solving the system of equations 
was avoided. Figures 5(a) and 5(b) provide a com- 
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Fig. 5. Predicted and measured mean axial temperature pro- 
files for freeboard gas, refractory wall, and bed burden using 

1D model: (a) trial 1, (b) trial 2. 

parison of predicted and measured temperature pro- 
files for trial 1 and trial 2, respectively. Agreement 
between the measured and predicted values was gen- 
erally good for any gas, bed and wall temperatures. 
There is expected to be some discrepancy in the bed 
temperatures near the charge end which may be attri- 
buted to uncertain entrance conditions. However, 
such discrepancies are typical of heat transfer in open 
tubes where ambient conditions are likely to influence 
heat exchange at the entrance. Further down the kiln, 
Ottawa sand undergoes heating during its journey 
along the kiln as a result of energy exchange with the 
freeboard gas and the refractory wall. As the material 
approaches the exit end of the kiln, the temperature 
difference between the bed and wall dwindles. 

The heat transfer rates at the boundary surfaces for 
mixed bed are shown in Figs. 6(a) and (b) for trial 1 
and trial 2, respectively. Superimposed on the graph 
is the freeboard gas temperature. These plots indicate 
that, except at the entrance region, there is a pro- 
gressive increase in all the interacting heat transfer 
mechanisms with increased Tg. Although the trends 
are the same for both trial 1 and trial 2, the magnitudes 
of the heat transfer rates are slightly higher in trial 2 
than in trial 1 as a result of generally higher freeboard 
gas temperatures. It might be noted that Qeb, the rate 
of heat transfer to the exposed bed surface, tends to 
continuously decrease with axial distance from the 
charge end for trial 2. In addition to Qg~b the net heat 
transfer to the exposed bed depends on the radiative 
exchange between the exposed wall and the freeboard 
gas, Qg~w, the exchange between the exposed wall and 
exposed wall itself, Q . . . . .  and the exchange between 
the exposed wall and exposed bed, Qew-cb. 

Validation of  the cross-sectional model 
The initial step in verifying the cross-sectional 

model was to compare the bed and wall temperatures 
obtained from this model (using the experimental 
values of Tg and dTba/dz as described earlier) against 
the pilot kiln data. The steady-state 1D profiles shown 
in Fig. 5 or the measured values may be used to vali- 
date the 2D results. However, in order to do so, the 
mass average bed temperature for each cross-section, 
along with the arithmetic average surface wall tern- 
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perature, must be calculated from the 2D temperature 
distribution at each axial position. Figures 7(a) and 
(b) provide a comparison between the measured bed 
and wall surface temperature profiles and those pre- 
dicted by the model (using the measured gas tem- 
peratures as input data). Although the predictions are 
quite satisfactory, it was anticipated that converting 
2D results into 1D profiles cannot reproduce the mea- 
sured temperatures as accurately as the 1D model. 
Nevertheless, the greatest temperature difference 
between the model predictions and experiments does 
not exceed 50°C, which is within limits of experimental 
error at elevated temperatures. The wall's radial tem- 
perature profiles predicted by the 2D model were vali- 
dated with experimental data in Figs. 8(a) and (b) for 
trial 1 and trial 2 at three different axial locations (i.e. 
three freeboard gas temperatures). Also, in Fig. 9(a) 
the resultant wall steady-state heat losses are 
presented. As seen from these plots, model predictions 
are in good agreement with experiment and therefore 
lend some confidence to the predictions for the tem- 
perature distribution in the bed which generated these 
results and for which data were not available. 

In an effort to veril'y the continuity assumption 
imposed on the granular bed medium, the two-dimen- 
sional model was run for the condition of zero kiln 
rotation (pilot kiln trial 5) and the results obtained 
were validated with measured temperature gradients. 
This is shown in Fig. 9(b). The good agreement 
between the model predictions and experiment verifies 
that the model is fundamentally correct prior to 
rotation and validates the assumption that the bed can 
be considered as a cont inuum with effective thermal 
conductivity. It also provides the opportunity to check 
how sensitive the convective components would be in 
distributing energy within the bed. 

MODEL APPLICATION 

Having established the validity of the 2D model, it 
was important to describe the effect of  the flow of 
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granular material on the temperature distribution. 
This effect can be established by sensitivity analysis of 
the various flow factors on the 2D model. These fac- 
tors include the x-wise and the y-wise velocity com- 
ponents in the active layer, the mass diffusion 
coefficient resulting from granular temperature cal- 
culations, and, in the case of segregating bed, jetsam 
concentration in the active layer. For  purposes of 
discussion, the flow characteristics may be placed in 
two categories with respect to what constitutes (i) a 
'mixed bed,' and (ii) a 'segregated bed.' The cross- 
sectional model result depicting temperature dis- 
tribution within the bed and the refractory lining as a 
whole is shown in Fig. 10 for a typical well-mixed 
condition which is sustained at a freeboard gas tem- 
perature of 1000°C. Transient response at the lining 
surface and the periphery of the bed burden due to kiln 

rotation are evident; the details of which are discussed 
later. 

The well-mixed bed 
For this condition the bed motion is assumed to be 

in the rolling mode and therefore the model 
implements all the flow results obtained from the 
granular flow model. The particle size used in the 
model is assumed uniform and spherical and the diam- 
eter is taken as an average of the particle size range 
used in the experiment which is 0.569 mm for fine 
Ottawa sand and 2.25 mm for coarse Ottawa sand 
(Table 1). Figure 11 shows the contour of temperature 
distribution within the bed cross-section for oper- 
ational conditions listed under trial 1 with a local 
freeboard gas temperature of 631 °C. Notice from the 
result of the 1.5 rpm trials that, because of insufficient 
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mixing (due to slow rotation rate and hence low shear 
rate), a slight temperature gradient is established 
between the active layer and the rest of  the bed. Also, 
as a result of  the regenerative action of  the wall, the 
bed temperature at the wall is slightly higher than the 
rest of  the bed. However, when the model was run by 
increasing the rotation rate from 1.5 rpm to 3 rpm, 
the temperature gradient between the bed surface and 
the rest of  the bed was reduced from 30'C to 12(" 
and a further increase from 3 rpm to 5 rpm resulted 
in an isothermal bed. Similar trends were predicted 
for trial 2 at freeboard gas temperature of  953 C. 
except that temperature differences between the 
exposed surface and the rest of  the bed were relatively 
greater than those predicted for trial 1. The increased 
gradient is attributed to the decrease in particle size 
as larger sizes tend to enhance inter-particle radiation. 
In addition, there is a bulk viscosity for granular flow 
which is directly proportional to solids concentration 
and shear viscosity. The latter is, in turn, directly 
proportional to the granular temperature (velocity 
fluctuations). Therefore, as the shear rate increases 
with increased kiln speed, granular temperature 
increases thereby resulting in an increase in the sell'- 
diffusion coefficient. The self diffusion coefficient, D, 
in the active layer increases by an order of  magnitude 
with an increase in kiln speed and so the effective 
thermal conductivity increases by the same order of 
magnitude. 

The segregated bed 
In order to establish the criteria that result in tem- 

perature nonuniformities in a segregated bed, it was 
assumed that the bed comprises a binary mixture. The 
effective thermal conductivity is a function of  particle 
size, its magnitude depends upon the concentration 
gradient for finer particles (jetsam) at each node and 
is therefore calculated as 

k~, = C,(i, /)k~rldp.~+[l--C,(i, /)]k,,~ldp.t. (18) 

Sensitivity analysis shows that when the bed is seg- 
regated the ),-wise velocity component is virtually neg- 
ligible and particles travel on an ordered path in the 
cross section. The flow forms a pattern which is similar 
to streamlines encountered in laminar flows and 
diffusional mixing is insignificant due to reduced vel- 
ocity fluctuations. The thermal results for a segregated 
bed are shown in Fig. 12. It is evident from this figure 
that, under these conditions, the region with the lowest 
temperature (cooler spot) coincides with the seg- 
regated core (or kidney) as is anticipated in a strongly 
segregated rotary kiln bed. Temperature difference 
between the core and the periphery can be as high as 
200:C. Calcination profiles for a strongly segregated 
limestone bed (A. P. Watkinson, personal com- 
munication, 1993) show lower extent of  reaction for 

fine particles at the segregated core than coarse par- 
ticles at the periphery. 

Regenerative heat tran.~lbr 
The predicted regenerative action of  the wall is 

depicted in Fig. 13. It shows the temperature variation 
at the covered and exposed wall surfaces [Fig. 13(a)] 
and the temperature profiles through the lining at the 
covered wall [Fig. 13(b)]. These predictions show that 
the wall picks up energy from the freeboard gas and 
gives it to the bed at the covered wall as the kiln 
rotates. Therefore, prior to isothermal conditions, the 
material at the covered wall will always have a higher 
temperature than the rest of  the bed, except perhaps 
tit the exposed bed surface which interacts directly 
with the freeboard gas. Figure 13(b) indicates that, 
aside from the regenerative effect, the thickness of the 
wall active region where temperature cycling occurs 
and which determines refractory life can be predicted 
with the model. As seen from the figure, this thickness 
can be estimated as about 8% of the total wall thick- 
hess which agrees with observations made by Barr et 
~,l. [2o]. 

CONCLUSIONS 

The temperature distribution within the bed of a 
rotary kiln has been investigated by means of  a math- 
ematical model which incorporates all the transport 
phenomena within the bed and the freeboard gas as 
well. 

For mixed bed conditions, typically a rolling bed 
with uniform particle size, the velocity field that results 
fronl kiln rotation, as well as self diffusion, enhances 
the effective thermal conductivity of  the bed and pro- 
motes temperature uniformity. The temperature 
gradients within the bed, for a moderate fill of 12% 
Ottawa sand in the pilot kiln, at all local freeboard 
gas temperatures (600 1200 C), do not exceed 3 0 C  
for lower rotation rate (typically 1.5 rpm for pilot 
kilns). Because of strong diffusion effects due to 
improved granular flow behavior, the bed tends to 
isothermal conditions at higher kiln rotation rates. 

For  a segregated bed, which is a condition with 
marked particle size differences, and also for a con- 
dition whereby the flow field suppresses radial 
diffusion (e.g. slumping bed mode), temperature non- 
uniformities exist within the bed. Introducing 20% 
fines into the charge for a pilot kiln at the same opera- 
ting conditions as a mixed bed, may result in bed 
surface-to-core temperature difference of  over 200 C ,  
with the cooler region coinciding with the segregated 
core. 

Other essential features of  the model include the 
ability to produce accurate temperature distribution 
of  the refractory wall and to provide knowledge on 
the regenerative action of  the wall. The thermal model 
can be a useful tool in controlling product quality in 
industrial kilns. 
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